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1. MOTIVATION
Papers compiled in Good (1983) made first attempts at combining attractive aspects of Bayesian
and frequentist approaches to statistical inference.
While the hybrid inference approach of Yuan (2009)
succeeded in leveraging Bayesian point estimators with maximum likelihood estimates, hybrid
inference does not yet cover the case of a parameter of interest that has a partially known prior.
Since such partial knowledge of a prior occurs in
many scientific inference situations, it calls for a
theoretical framework for method development
that appropriately blends Bayesian and frequentist methods by meeting these criteria:
1. Complete knowledge of the prior. If the
prior is known, the corresponding posterior is used for inference. Among statisticians, this principle is almost universally
acknowledged. However, it is rarely the
case of the prior is essentially known.

posteriors derived from improper and datadependent priors. Accordingly, blended
inference must allow the use of such methods when applicable.
3. Continuum between extremes. Inference
relies on the prior to the extent that it is
known while relying on the other methods
to the extent that it is not known. Thus,
there is a gradation of methodology between the above two extremes. This intermediate scenario calls for a careful balance between pure Bayesian methods on
one hand and impure Bayesian or non-Bayesian
methods on the other hand.

Instead of framing the knowledge of a prior in
terms of confidence intervals, as in pure empirical Bayes approaches, the full version of this extended abstract (Bickel, 2011a) frames it more
generally in terms of a set of plausible priors,
as in interval probability (Weichselberger, 2000;
2. Negligible knowledge of the prior. If there Augustin, 2002, 2004) and robust Bayesian (Berger,
1984) approaches. Whereas the concept of an
is no reliable knowledge of a prior, inferunknown prior cannot arise in strict Bayesian
ence is based on methods that do not restatistics, it does arise in robust Bayesian statisquire such knowledge. This principle motics when the levels of belief of an intelligent
tivates not only the development of confidence intervals and p-values but also Bayesian agent have not been fully assessed (Berger, 1984).
Unknown priors also occur in many more objecThis research was partially supported by the Canada
tive contexts involving purely frequentist interFoundation for Innovation, by the Ministry of Research
pretations of probability in terms of variability in
and Innovation of Ontario, and by the Faculty of Medicine
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the observable world rather than the uncertainty

in the mind of an agent. For example, frequencybased priors are routinely estimated under random effects and empirical Bayes models; see,
e.g., Efron (2010). (Bickel (2011a) comments
further on interpretations of probability and relaxes the assumption of a true prior.)
With respect to the problem at hand, the most
relevant robust Bayesian approaches are the minimax Bayes risk (“Γ-minimax”) practice of minimizing the maximum Bayes risk (Robbins, 1951;
Berger, 1985; Vidakovic, 2000) and the maxmin
expected utility (“conditional Γ-minimax”) practice of maximizing the minimum posterior expected payoff or, equivalently, minimizing the
maximum posterior expected loss (Gilboa and
Schmeidler, 1989; DasGupta and Studden, 1989;
Vidakovic, 2000; Augustin, 2002, 2004). Augustin (2004) reviews both methods in terms of
interval probabilities that need not be subjective.
With typical loss functions, the former method
meets the above criteria for classical minimax
alternatives to Bayesian methods but does not
apply to other attractive alternatives. For example, several confidence intervals, p-values, and
objective-Bayes posteriors routinely used in biostatistics are not minimax optimal. (Fraser and
Reid (1990) and Fraser (2004) argued that requiring the optimality of frequentist procedures
can lead to trade-offs between hypothetical samples that potentially mislead scientists or yield
pathological procedures.) Optimality in the classical sense is not required of the alternative procedures under the framework outlined below, which
can be understood in terms of maxmin expected
utility with a payoff function that incorporates
the alternative procedures to be used as a benchmark for the Bayesian posteriors.

ternative versions of minimax optimal codelength,
including recent generalizations of normalized
maximum likelihood (NML) (e.g., Rissanen and
Roos, 2007; Bickel, 2011b), have also been applied to statistical inference.) The “nature” opponent selects a prior consistent with the available knowledge as the “statistician” player selects a posterior distribution with the aim of maximizing the minimum information gained relative to one or more alternative methods. Such
benchmark methods may be confidence interval
procedures, frequentist hypothesis tests, or other
techniques that are not necessarily Bayesian.
From that game, Bickel (2011a) derived a
widely applicable framework for testing hypotheses. For concreteness, the motivating results are
heuristically summarized here. Consider the problem of testing H0 : θ∗ = 0, the hypothesis that
a real-valued parameter θ∗ of interest is equal to
the point 0 on the real line R. The observed data
vector x is modeled as a realization of a random
variable denoted by X. Let p (x) denote the pvalue resulting from a statistical test.
The p-value for a simple (point) null hypothesis is often smaller than Bayesian posterior probabilities of the hypothesis (Lindley, 1957; Berger
and Sellke, 1987). Suppose θ∗ has an unknown
prior distribution according to which the prior
probability of H0 is π0 . While π0 is unknown, it
is assumed to be no less than some known lower
bound denoted by π 0 .
Following the methodology of Berger et al.
(1994), Sellke et al. (2001) found a generally applicable lower bound on the Bayes factor. As
Bickel (2011a) explains, that bound immediately
leads to
Pr (H0 |p (X) = p (x)) =

2. HEURISTIC OVERVIEW

To define a general theory of blended inference
that meets a formal statement of the three criteria, Bickel (2011a) introduced a variation of
a zero-sum game of Topsøe (1979), Harremoës
and Topsøe (2001), and Topsøe (2007). (The
discrete version of the game also appeared in
Pfaffelhuber (1977); Grünwald and Philip Dawid
(2004) interpreted it as the codelength special
case of the maxmin expected utility problem. Al-
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as a lower bound on the posterior probability of
the null hypothesis for p (x) < 1/e and to π 0 as
a lower bound on the probability if p (x) ≥ 1/e.
In addition to Pr (H0 |p (X) = p (x)) , the unknown Bayesian posterior probability of H0 , there
is a frequentist posterior probability of H0 that
will guide selection of a posterior probability for

inference based on π0 ≥ π 0 and other constraints
summarized by
Pr (H0 |p (X) = p (x)) ≥ Pr (H0 |p (X) = p (x)) .
While it is incorrect to interpret the p-value p (x)
as a Bayesian posterior probability, it is seen in
Bickel (2011a) that p (x) is a confidence posterior probability that H0 is true.
With the confidence posterior as the benchmark, the solution to the optimization problem
described above gives the blended posterior probability that the null hypothesis is true. It is simply the maximum of the p-value and the lower
bound on the Bayesian posterior probability:
Pr (H0 ; p (x)) = p (x)∨Pr (H0 |p (X) = p (x)) .
By plotting Pr (H0 ; p (x)) as a function of p (x)
and π 0 , figures in Bickel (2011a) illustrate each
of the above criteria for blended inference:
1. Complete knowledge of the prior. In this
example, the prior is only known when
π 0 = 1, in which case
Pr (H0 ; p (x)) = Pr (H0 |p (X) = p (x)) = 1
for all p (x). Thus, the p-value is ignored
in the presence of a known prior.
2. Negligible knowledge of the prior. There
is no knowledge of the prior when π 0 = 0
and negligible knowledge when π 0 is so
low that Pr (H0 |p (X) = p (x)) ≤ p (x).
In such cases, Pr (H0 ; p (x)) = p (x), and
the Bayesian posteriors are ignored.
3. Continuum between extremes. When π 0
is of intermediate value in the sense that
Pr (H0 |p (X) = p (x)) is exclusively between p (x) and 1,
Pr (H0 ; p (x)) = Pr (H0 |p (X) = p (x)) < 1.
Consequently, Pr (H0 ; p (x)) increases gradually from p (x) to 1 as π 0 increases (Bickel,
2011a). In this case, the blended posterior
lies in the set of allowed Bayesian posteriors but is on the boundary of that set that
is the closest to the p-value. Thus, both
the p-value and the Bayesian posteriors influence the blended posterior and thus the
inferences made on its basis.

The plotted parameter distribution is presented
in Bickel (2011a) as a widely applicable blended
posterior.
Bickel (2011a) offers additional details and
generalizations.
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